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Abstract 

In the paper we investigate a method of quantization based on the con- 
cept of positive definite kernel on a principal G-bundle with compact 
structural group G. For G = U{1) our approach leads to Kostant- 
Souriau geometric quantization as well as to coherent state method 
of quantization. So, the theory proposed here can be treated as a 
generalization of both mentioned quantizations to the case of general 
compact group. 
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1 Introduction 

The geometric quantization initiated in |Kos[ IKirt ISouj provides an effective 
machinery for quantization of Hamiltonian systems. In fact the main in- 
gredient of Kostant-Souriau theory is a principal ?7(l)-bundle vr : P — ^ M 
over a symplectic manifold (M, uj) with connection form d which satisfies the 
consistency condition 7r*ci; = i curvd with the symplectic form uj. 

The other essential element of this theory is a complex distribution V C 
T'^M which is maximal and isotropic with respect to u, called the polar- 
ization. The crucial step for quantization of a physical classical observable 
/ G C°°{M) is the proper choice of polarization V. Then one constructs for 
/ a selfadjoint operator F (quantum observable) which acts in the Hilbert 
space consisting of such sections of the corresponding prequantum bundle 
which are annihilated by V, e.g. see jSni] . 

The coherent state method of quantization is based on the concept of 
coherent state map, i.e. a symplectic map /C of the phase space (M, u) into 
the quantum phase space of pure states {CF{'H),ufs) which is the complex 
projective Hilbert space with Fubini-Study form ups as the symplectic form. 
The Kahler form ups is the curvature form of the connection form -ffps defined 
canonically on the tautological principal f/(l)-bundle vr : Pps — s-CP('H) by 
the metric and complex structure of H. 

Moreover the scalar product in Hilbert space H also defines the positive 
definite kernel Kps : Pps x Pps — *" C, which after normalization has a 
physical interpretation as the transition amplitude between two pure states. 
The canonical prequantum ?7(l)-bundle (vr : Pps — ^ CF('H),'dps,ujps) as 
well as (vr : Pps — ^CP('H), Kps) are the universal objects in the category of 
all prequantum [/(l)-bundles and in the category of principal bundles with 
fixed positive definite kernels (vr : P — >-M,K), respectively. Between these 
categories there is functorial dependence, see |092j . i.e. any prequantum 
bundle (vr : P — ^ M, -(9, to) is obtained from (vr : P — ^ M, K) for some 
properly chosen kernel K. In |092] also it is shown that one can quantize 
those Hamiltonian flows on (M, u) which preserve the kernel K. 

Motivated by the fundamental role of positive definite kernels in the 
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geometry of the prequantum bundles as well as their physical interpreta- 
tion as transition amplitudes we investigate here method of quantization 
entirely based on the notion of this type of kernels in the case of general 
compact structural group G (for G = U{1) see |092j ). In fact we quan- 
tize the one-parameter groups {Tt}tm of automorphisms of the principal G- 
bundles with fixed positive definite kernels (vr : P — ^M,K). The projec- 
tion at{7i{p)) := 7r(r((p)), p G P, of the flow {Tt}tmy on M is described by 
the equation fl3.26p which is a version of the Hamiltonian equation for the 
flow {at}tm- This equation connect the vector field X tangent to {(Jt}t£R 
(Hamiltonian vector field) with generating function F : P — ^B{V) which is 
G-equivariant and operator valued (Hamiltonian). See ( I3.26P and Proposi- 
tion [231 

This paper is organized as follows. In Section 2 we give a short outline of 
the theory of positive definite kernels. Especially we investigate these kernels 
on the principal G-bundles describing their relationship with the notion of 
connection. 

In Section 3 and Section 4 we show that for the pair {F,X), satisfying 
f l3.26p . one can construct the G- version of Kostant-Souriau operator Q(f,x), 
see fl3.49p and fl3.53p or (13.540 in non-singular case. The differential operator 
Q(F,x) can be extended to a self-adjoint operator in Hilbert space completely 
defined by the positive definite kernel K : P x P — ^B{V) (see Theorem 14. II 
and Proposition 14. ip . 

Finally, we present two simple examples illustrating the method of quan- 
tization propos ed he re. One can find other examples important for physical 
apphcations in [o3 UTO l IH-U-Tj . 



2 Positive definite kernels on principal bun- 
dles 

We begin this section with a short presentation of the theory of operator- 
valued positive definite kernels. A more exhaustive treatment can be found 
for example in Chapter I of [N]. 

Let us take a set P and complex Hilbert spaces V and T-L. By B{V, Ti) 
we denote the Banach space of bounded linear operators from V into T-L. 
By B{V) we denote B{V,V). For adjoint of A G B{V,n) we will write 
A* e B{n,V). 
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Now we will show that there exist functorial correspondences between 
three categories whose objects are the following: 

(i) i3(l^)-valued positive definite kernels, i.e. maps K : P x P ^ ^i^) 
such that for any finite sequences pi, . . . ,pj E P and Vi, . . . ,vj G V one has 

J 

J2{v,,K{p„pj)v,)^0, (2.1) 

where (■,■) denotes the scalar product in V. Everywhere in the paper we 
assume that scalar products are anti-linear in the first argument and linear 
in the second argument. 

The positivity condition (12.1 1) implies that K is Hermitian, i.e. for each 
q,p E P one has 

Kiq,p)=Kip,qy. (2.2) 

(ii) maps ^ : P ^ BiV, %) satisfying the condition 

{^{p)v -.peP and ve V}^ = {0}. (2.3) 

(ill) Hilbert spaces K. C realized by V-valued functions f : P ^ V 
such that the evaluation functionals 

EJ := f{p) (2.4) 

are continuous maps of Hilbert spaces Ep : K, V for every p E P. 

These functorial correspondences for the case G = U{1) and dime V = 1 
are proved in |092j . The proofs of these correspondences for the case of 
general group G and general Hilbert space V can be given in a similar way. 
Here we restrict our considerations to the main steps of these proofs. 

Equivalence between (ii) and (iii) is given as follows. For ^ : P — >■ 
B{V, %) we define monomorphism of vector spaces J :% ^ by 

Jmp):=m*i^. (2.5) 

where ip E H. Using this monomorphism we obtain Hilbert space structure 
on /C := J{'H). The continuity of the evaluation functionals follows from the 
inequality 

WEpjm = mpm\ < mpn ■ \m = imprw ■ urn- (2.6) 
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Taking Hilbert space /C C such as in (iii) we put by definition "H := /C 
and define M.{p) : V Ti hj 

m ■■= E;. (2.7) 

In order to check f l2.3p note that 

I /) = {E;v I /) = {v, E,f) = {v, fip)) (2.8) 

where (-I-) is the scalar product in "H. Thus if {R{p)v\f) = for every v eV 
and p E P, then (12. 3p implies f{p) =0 for all p E P. 
Since one has 



< 



i=l 



^{vi,A{PiyK{Pj)vj), 

«J=1 



(2.9) 



the passage from (ii) to (i) is given by 

Kiq.p) ■.= ^{qy^{p). 



(2.10) 



In order to show the implication (i) =^ (iii) let us take vector subspace 
/Co C consisting of functions 



f(p) ■= ^K{p,pi 



(2.11) 



1=1 



defined for finite sequences pi, . . . ,pi E P and Vi, . . . ,vj G V. Due to positive 
definiteness of the kernel K : P x P ^ ^i^) we can define a scalar product 
between g{-) = '^i=iK{-,qj)wj G /Co and / G /Co by the formula 



/ J 



(2.12) 



Substituting g{-) = K{-,p)v G /Co into (12.121) we obtain the reproducing 
property 



^,/(p)) = {V,J2K{P,P^)V^) = Y,^K{p,,p)v,V,) = {K{;p)v \ /). (2.13) 



i=l 



1=1 



5 



From f l2.13p one has the inequahty 



II/(P)II< v/|l^(P,P)llll/ll, (2.14) 

which proves that f l2.12p is a positive definite scalar product. Inequahty 
f l2.14p imphes that if {/„} is a fundamental sequence in /Cq; then {fn{p)} is 
a fundamental sequence in V. Thus one can realize equivalence classes of 
fundamental sequences [{/„}] G /Co by the function 

fip) := hm Up) (2.15) 

n^oo 

from V^. In consequence we embed l : ]Cq as the abstract complement 

/Co of /Co into . Summing up we define Hilbert space /C C from (iii) 
as /C := ^(/Co). The continuity of the evaluation functionals Ep, p ^ P, for 
the Hilbert space /C follows from fl2.14p . This completes the proof of the 
implication (i) =^ (iii)- 

Let us note that maps : P ^ B{V,Ui) and ^2 ■ P ^ B{V,U2) 
factorize the same kernel, i.e. 

K{p, q) = ^l{p)^i{q) = ^{p)^2{q) (2.16) 

if and only if there exists a Hilbert space isomorphism U21 '■ ^Hi — ^ ^2 such 
that ^2ip) = U2i^i{p) for any p E P. Let us define U21 by 

/ I 
U2iY,MPi)vi := Y,MPi)vi, (2.17) 

i=l 1=1 

where Vi E V and pi E P. 

We also note that if the property fl2.16p is fulfilled then the Hilbert spaces 
/Ci and /C2 defined in (12. 5p coincide, i.e., JiiTii) = J2{'H2) = /C. 

Subsequently we will be interested in the case when all objects defined 
above are smooth. So, further on we will assume that P is a smooth manifold. 



Proposition 2.1 Let P be a smooth n- dimensional manifold and V a finite- 
dimensional complex Hilbert space. Then the following properties are equiv- 
alent: 

(a) the positive definite kernel K : P x P ^ ^i^) is a smooth map. 
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(b) the map ^ : P — )■ BiV^l-C) is smooth. 

(c) the Hubert space K, C defined in (Hi) consists of smooth functions, 
I.e. JCC C°°(P,r). 

Proof: 

(a) =^ (b). Let x = be local coordinates of p G P, y = 

{y^, . . . , y") be local coordinates of g G P and let (ei, . . . , e„) be the canonical 
basis in R". 

Firstly, we prove existence of the partial derivatives. To this end observe 
that for V E V and ti, ^2 due to (12.101) one has 



+ t,ei) - A{x)) - ^{A{x + tae,) - A{x)) 



(2.18) 



= 72 {v, [K{x + tiCi, X + tiCi) - K{x + tiCi, x) - K{x, X + tiCi) + K{x, x)]v) + 

+72 (f , [K{x + t2ei, X + t2ei) - K{x + ^261, x) - K{x, x + t2ei) + K{x, x)\v) + 

H (f , [— -ft'(x + tiCj, X + t2ei) + -ft'(a; + tiCj, x) + -ft'(x, x + ^261) — -ft'(x, x) + 

-i^(x + t2ej, X + tiCi) + K{x + ^261, x) + K{x, x + tiCj) - K{x, x)]v). 

Since kernel i^T is a smooth map, we have 

K(x + tei,x) = K(x,x) +t -Q—{y,x)\y=.^ + -t y^(?/,x)[y=^ + ri(x;t), 

(2.19) 

/s:(x, X + tei) = K(x, x) + t-Q^iy^ ^)\y=x + d{x^y ^^' ^ 

(2.20) 

OK OK 

K{x + tiCi, X + t2ei) = K{x, x) + ti — {y, x)\y=^ + t2-^{y, x)\y=^+ (2.21) 



1 o 92 



1 o 



1 d^K 



+ 0^1 75r7\^(^'^)l2/=^ + 0^2 ^7^(l/'3;)|j;=x + -^1^2 Tr-Tr-(y,a;)|j,=^ + ri2(x;ti,t2) 



2 ^ 9(2/^) 



2 " d{xi) 



where 



2 dy^dx 

ri2{x]ti,t2 



y ri{x;t) ri(x;t) 
hm — = hm — = hm „ 

i->0 t^O ti,t2-s>0 tf+t 



2 , ,2 - 0- (2.22) 



Therefore from fl2.10p we obtain 



^{M{x + tie,) - - ^{K{x + he,) - A{x)) 



(2.23) 



ri2(x;ti,ti) ri{x;ti) r2{x;ti) ri2{x;t2,t2) ri{x;t2) 



''1 



/2 



''1 



+ 



f2 

''2 



''2 



r2(x;t2) ri2{x;ti,t2) , ri(x; ti) _^ r2(x^_^ 



^2 



ut. 



11^2 



11^2 



Ut 



1^2 



ri2{x;t2,ti)^ ^ ri(x;t2) ^ r2(x;ti) 



tit 



l''2 



tit 



1''2 



tit 



1''2 



tl,t2 — ^0 



0. 



Since Hilbert space V is finite-dimensional the above proves existence of 
the partial derivatives 



1 

— (p) := lim -{^{x + ted ' ^i^))- 

In order to verify continuity of -—^ : P — )■ BiV, H) note that 

ox"- 



(2.24) 



^1 

dx'' 



X + Ax) 



lim ( f , 



9x 

1 



(2.25) 



1 



(J^(a; + Ax + tei) - ^{x + Ax)) (il(x + te,) - j?(x)) 

^1 ^2 



(x + Ax, X + Ax) + . (x, x) 



dy^dx 
dy'^dx'^ 



(x, X + Ax) 



dy^dx^ 
-> 0. 



dy^dx^ 



(x + Ax, x)-|- 



Continuity of partial derivatives of .ft : P — )■ i3(V, T-L) implies existence of its 
Frechet derivative. Existence of higher order Frechet derivatives of .ft : P — >■ 
B{V, %) can be verified in a similar way. 

Implication (b) ^ (a) follows from fl2.10p . 

Let us now prove that (b) =^ (c). Smoothness of .ft : P — j- B{y,l-L) 
implies smoothness of .ft* : P — )■ B{l-i, V). Thus for any ip & the function 
f : P ^ V defined by f{p) := ^*{p)ip depends smoothly on p G P. 
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Finally we verify implication (c) =^ (a). For any q & P and v & V 
one has J(J^(g)w) G /C C C^{P,V). Thus from ([23]) and (^M> it follows 
that K{p,q)v = ^*{p)A{q)v is smooth with respect to the variable q. Since 
K{q,p)* = K{p, q) we obtain the smooth dependence of the kernel K on both 
arguments. 

□ 

One of the most interesting situations arises when P is a complex analytic 
manifold and the scalar product in Hilbert space /C C consisting of 
holomorphic functions, is defined by the integral taken with respect to some 
measure /z on P. Therefore Hilbert space /C as well as kernel K depends on 
the choice of /x. This case and the dependence of if on /i in particular was 
studied in |PWj . Many other interesting facts and statements concerning the 
meaning o f repr oducing kernel for the quantization can be found in |B-G[ [G| 



[0881 Urol lO-S 



From now on we will assume that P is a principal bundle 

G^P 

TT 

M 



(2.26) 



over the smooth manifold M with some Lie group G as the structural group. 
Additionally we will assume that one has a faithful unitary representation of 
G 

T:G — > Aut{V) (2.27) 

in Hilbert space V and we will suppose that positive definite kernel K : 
P X P — )■ i3(y) has equivariance property 

K{p,qg) = K{p,q)T{g) (2.28) 

where p,q E P and g E G. This property is equivalent to each of the following 
two: 

^{pg) = mng) (2.29) 

and 

f{pg) = T{g-')f{p) (2.30) 

for / G /C, where the map R : P B{V,'H) and Hilbert space K, are defined 
in (ii) and (iii), respectively. 
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Using the action of G on P x defined by 



P xV 3 {p,v) ^ {pg, T{g-^)v) ePxV (2.31) 
one obtains T-associated vector bundle 

V — -V 

s (2.32) 
M 

over M with the quotient manifold V := {P x V)/G as its total space. 
The equivariance properties f l2.28p . f l2.29p and f l2.30p allow us to transpose 
the geometric objects defined in (i), (ii) and (iii) on the vector bundle 
(I2.32p . Note that the fiber = 7r^^(m) consists of equivalence classes 
[(p, f)] & {P X V)/G for which tt{p) = m. 
Given tt{p) = m, '^{q) = n, we define by 

KTim,n)i[{p,v)],[iq,w)]) := {v,Kip,q)w), (2.33) 

the section 

Kt-.MxM — > prlT (S) pr^Y* (2.34) 

of the bundle pr*V* ® prgV* — )■ M x M which is the tensor product of 
the pullbacks prJV* M x M and pr^Y* M x M of (1232]) . where 
pvi : M X M — )■ M is the projection on the i-th component of M x M. 
Let us define the map : V — )■ "H by 

mp,v)]) ■.= mv. (2.35) 

Note that the kernel f l2.33p and the map f l2.35p are interrelated by the equality 

KT{m,n) = L*^o Ln (2.36) 

or equivalently 

KT{m,n){[{p,v)l [{q,w)]) = m{P.v)]) \ m<lM])), (2-37) 

where := ^|v™ : — ^"H. 

We also can realize Hilbert space "H by smooth sections of vector bundles 
TT* : V* — > M or TT : V — M. The first realization is given by the anti-linear 



10 



monomorphism of vector spaces I* : ^ C°°{M,Y*) defined for ip & H in 
the following way 

rm7c{p)mp,v)]) := I A{p)v) = {jmp),v). (2.38) 

The second realization is as follows 

J(^)(7r(p)) := = [(p, J(^)(p))]. (2.39) 

The map J : 7/ — )■ C°°(M, V) is also a linear monomorphism of vector spaces. 
By C°°(M, V*) and C°°(M, V) we denote vector spaces of smooth sections of 
the bundles tt* : V* — )• M and tt : V — M, respectively. 

The restriction K^ia of the kernel Kt to the diagonal A := {(m, n) G 
M X M : m = n} determines a semi-positive definite Hermitian structure 
Hk '■= Kt\a on the bundle tt : V — >■ M. For subsequent considerations we 
will need to deal with the positive definite Hermitian structure. So, further 
on we will assume that linear operator K{p,p) is invertible for every p E P. 
The last condition is equivalent to the condition ker.^(p) = {0}, for p E P. 
Recall that we assumed diml^ =: N < oo. 

Apart from the Hermitian structure the positive Hermitian kernel K 
defines on P a B{V)-valned differential one-form 

m ■= {m*mr'm*dm = Kip,p)-'d,K{p, q%=,, (2.40) 

where dq denotes the exterior derivative with respect to the variable q. 

Let Qxit) := exp(tX) denote a one-parameter group generated by an 
element X G g = T^G of Lie algebra of G. By e C°^{P,TP) we denote 
vector field tangent to the vertical flow p i— pgx{t)- From (12.401) and (12.291) 
it follows that 

{^x^^p) = mprm)-'m*{CxM){p) = ^T^g^m^^o = DT{em 

(2.41) 

and 

^{pg) = T{g''){}{p)T{g), (2.42) 

where DT[e) : Q — )■ B{V) is the derivative of the representation (I2.27P taken 
at the unit element e G G. 

Taking (I2.4ip and (12.421) into account we conclude from 

(f , K{p, p)'d{p)w) + {'d{p)v, K{p, p)w) = d{v, K{p, p)w) (2.43) 
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that d G C°°{P,T*P ® B{V)) is the one-form of a metric connection Vk 
consistent with the Hermitian structure H^- 

Now let us consider the Grassmannian Gr{N, H) of A^-dimensional Hilbert 
subspaces of T-L and the tautological vector bundle 



•E 



pri 

Gr{N,n) 



(2.44) 



where total space of (12.441) is defined by 

E := {{z, ^) G Gr{N, H) x H : ^ e z} . 



(2.45) 



The scalar product in "H defines an Hermitian structure He on the vector 
bundle pr2 : E — )■ Gr{N^'H) in the canonical way. There is also a unique 
connection on this bundle 

Ve : C^{Gr{N, 'H),E)^ C°°(Gr(iV, 'H),E^ T*{Gr{N, H))), (2.46) 



consistent with and complex analytic structures of Gri^N^l-L). See |K-Nj . 
Volume 1, Chapter 2, for the definition of such connections. 

Since ker.^|v„ = {0} one has a map /C : M — )• Gri^N^l-i) defined by 



/C(m) ■.= mm). 
Thus one has also the following vector bundle morphism 



(2.47) 



M 



where 



■E 



■Gr{N,'H) 



miP,v)]):= (J?([(p,t;)]),/C(m)). 



(2.48) 



(2.49) 



Taking into account the definitions of Hk and Vk we find that they are pull- 
backs Hx = JC*He and = K.*'Ve of and Ve, respectively. So, (I2.48p 
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gives a vector bundle morphism which preserves Hermitian and connection 
structures. 

It is important to mention that in geometric models of physical systems 
one considers a bundle vr : V — >- M as the space of states, where the fibers 
7r^^(m), m E M describe internal degrees of freedom and the base manifold 
M is responsible for the external degrees of freedom of the system. Within 
such an interpretation a positive definite kernel K{p, q) after normalization 
can be considered transition amplitude 

[(.,-))) --^-^^trv^^f^ 

{v, K{p, p)v) 2 (w, A (g, q)w) 2 

between the states .^([(p, f )]), .^([(g, w)]) G "H. Let us mention here that from 
physical point of view transition amplitude f l2.50p is the most fundamental 
object which is usually obtained in an experimental way (see |F-L-S] Chapter 
3). 

Finally let us make some comments: 

i) The maps ^ : P — ^BiV.'H), k. : V — ^l-i and kernel Kt define each 
other explicitly. 

ii) The scalar product (-I-) of "H defines positive definite kernel K^^ : 
Gr{N,'H) X Gr{N,'H) — ^ pr^E* (g) pr*E* on the tautological bundle vr : 
E^Gr{N,n) by 

Ke{{zu^i),{z2,^2)) := {^i\^2). (2.51) 

iii) The puUback of the kernel on the vector bundle vf : V — ^ M by 
the map ^ : V — ^ H gives the kernel Kt defined in fl2.33p . Therefore one 
can consider (E, Ke) as the universal object in the category of vector bundles 
{Y,Kt) with the fixed positive definite kernel Kt- 

Similarly, the prequantum bundle (E,'Vf:, H^), where Ve and He are 
the connection and the Hermitian structure on vr : E — Gr{N,T-t) defined 
by kernel K^, is the universal object in the category of prequantum bun- 
dles (V, Vk, Hk) defined by (V, Kt). The relationship between (V, Kt) and 
(V, Vi^, Hh) has functorial character. 

In subsequent sections we will call : V — >-T-L as well as ^ : P — ^BiV, %) 
the coherent state map. See |092j and |088j for a physical motivation of this 
terminology. 
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3 One-parameter groups of automorphisms 
and prequantization 

In this section we introduce various Lie algebras, see Proposition 3.1, Propo- 
sition 3.2 and Proposition 3.3, the elements of which generate the one- 
parameter group of automorphisms of the principal bundle vr : P — s- M. We 
will show the special importance of the Lie algebras appearing in the short 
exact sequence (13.311) . This is important because this sequence generalizes 
the exact sequence of Lie algebras 

^ M ^ C°°(M, M) ^ Ho{M, io) 0, 

for the symplectic manifold M with symplectic form u, where Hq{M,u) is 
the Lie algebra of Hamiltonian vector fields. We also introduce here equation 
(13.81) which is a natural generalization of Hamiltonian equation for the case 
of general gauge group G. 

Now we extend Kostant-Souriau prequantization procedure on the case 
of general principal G-bundle tt : P — )■ M with a fixed DT(e)(0)-valued 
connection form i9 G C^{T*P O DT(e)(g)). 

Let ^ G C°°{P,TP) be the vector field tangent to the flow of automor- 
phisms T : (M, +) Aut(P, {}) of the principal bundle fl2.26p 

nipg) = Tt{p)g, (3.1) 

where g & G and p & P, which preserve the connection form 

Tt*^ = 1^. (3.2) 

Then one has 

^pg) = DRg{p)i{p), (3.3) 

and 

C^'d = 0, (3.4) 

where Rg{p) '■= pg, while DRg{p) is the derivative of Rg at p and £5 is Lie 
derivative with respect to ^. 

The space of vector fields satisfying (13.31) will be denoted by Cq{P, TP). 
By £2; C C^{P, TP) we denote the subspace consisting of those ^ G G^{P, TP) 
which satisfy (13.41) . 
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Recall that the covariant differential Dip of iI'T(e)(g)- valued pseudotenso- 
rial r-form ip on P is defined as Dy9(^i, . . . , ^r+i) '■= dip{prhor^i, ■ ■ ■ ,prhor^r+i), 
where prhorip) '■ TpP — )■ T^P is projection associated with the decomposition 
TpP = TpP © TpP of the tangent space TpP in the horizontal and verti- 
cal parts taken with respect to the connection form (I2.40p . In particular, 
for connection 1-form i) and DT(e)(g)- valued pseudotensorial 0-form, i.e. 
i5T(e) (0)-valued function such that 

F{pg) = T{g-')Fip)Tig), (3.5) 

one has 

B^ = d^ + ^[^,^], (3.6) 

DF = dF +['d,F], (3.7) 

where (13. 6p is the structure equation for the curvature form Q := D{}, (see 
for example |K-N] ) . In the subsequent we will use the notation taken from 
pTNj . Volume 1 Chapter 2. 

By C^{P, DT{e){g)) we denote the space of i5T(e) (g)-valued functions 
satisfying condition (13. 5p . 

Now let us consider the vector space Vg which by definition consists of 
pairs (F,0 e C^iP, DT{e){g)) x C^{P,TP) such that 

^Lfi = DF. (3.8) 

Proposition 3.1 For {F,C,), {G,r]) G Vg we have 

%,]^ = £>({F,G} + ^([e,r/])), (3.9) 

where 

{F, G} := 2fi(e, v) + DGiO - DFir]) + [F, G]. (3.10) 

Proof. 

Due to the identity 

£5^ = eLfi + D(^(0), (3.11) 
the condition ( 13. Sp is equivalent to 

C^^ = -D{F + ^{0). (3.12) 
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Using dSSD, (EZD, flXT^ and definition flXTU]) we obtain 

= {d{G + + G + m]) - C-MF + ^(0) + [^,F + m]) = 
= d{^{G)+mv)) -viF) -r^(^(0) + A i[^^G + m])-^vi[^, F + m]) = 

= diac) + mv)) - viF) - vm))+ 
+ [D(F + m), G + m] + + 

- [D(G + d{r,)), F + m] - viF) + vim)] = 

= D(e(G) + mv)) - viF) - vm))+ 

+ [D(F + m), G + m] - mG + ^9(r/)), F + ^(0] = 

= D(e(G) + mv)) - viF) - vim) + [F+ m, g + m]) = 
= D(e(G) + [F+m,G+m]+m^, v) - [m,m]+m, vm = 

= D((DG)(0 - (DF)(r^) + [F,G] + 2mv) + ^^.v])) = 
= Bi{F,G} + m,v]))- 

□ 

Let us note that bracket fl3.10p could be defined in the following equivalent 

ways 

{F,G} := -2ni^,v) + [F,G] = DG(0 + [F,G] = -BFiv) + (3.13) 
Proposition 3.2 The space Vq with the bracket 

{iF,i),iG,v)\:=i{F,G},[i,v\) (3.14) 

is a Lie algebra. 
Proof: 

For arbitrary iF,^), iG,ri), iH, A) G Vg by direct calculations we obtain 

{F, {G, H}} = BiiBH)iv) - (DG)(A) + [G, H] + 2fi(r/, A))(0 + (3.15) 
+ [F, iBH)iv) - (DG)(A) + [G, H] + 2niv, A)]. 

Adding the cyclic permutations of both sides of fl3.15p we find that 

{F, {G, H}} + {G, {H, F}} + {H, {F, G}} = 0. (3.16) 
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Thus we conclude that bracket (13.141] satisfies Jacobi identity and hence 
{Vg, ■]) is a Lie algebra. 

□ 

Let £g be the Lie algebra of vector fields ^ G Cq{P, TP) for which there 
exist F G C^{P,DT{e){g)) such that e Vg- Denote by A/b the set 

of F G C^{P,DT{e){Q)) for which DF = 0. One has the following exact 
sequence of Lie algebras 

O^Xg^Vg^Sg^O, (3.17) 

where 

6i(F):=(F,0), pr2(F,0:=e. (3.18) 

From now on we will assume that M is a connected manifold and denote 
by P{p) the set of elements of P which one can join with p by curves which are 
horizontal with respect to the connection i?. By G{p) we denote the subgroup 
G{p) C G consisting of those g E G for which pg G P{p), i.e. G{p) is the 
holonomy group based at p. Let us recall (e.g. see |K-N] ) that for connected 
base manifold M all holonomy groups G{p) and their Lie algebras q{p) are 
conjugate in G and g, respectively. Recall also that Lie algebra DT{e){Q{p)) 
is generated by flp'{X{p'),Y{p')), where p' G P{p) and X{p'),Y{p') G Tp'P. 

Taking this into account we conclude from condition (13. 8 P that for {F,^) G 
Vg function F takes values F{p') in q{p) if p' G P{p). In the special case 
when F G Ac-, i.e. when DF = 0, function F is constant on P{p) and 
F{p) G DT{e){g{p)) fl F'r(e)(0'(p)), where g'{p) is the centralizer of Lie 
subalgebra g(p) in q. 

For the sake of completeness let us note that 

c^n = [n,F + ^9(0] = d2(f + ?9(e)) = d£^^?, (3.19) 

for {F,OeVG. 

It follows from (13. lip that £q d £g- Thus we can consider the subspace 
V% C Vg of such elements (F, e that ^ G £g and F = Fq -^9(0, where 
DFo = 0. For ^,1] E have 

m,v]) = m^,v)-[m,m]- (3.20) 

Thus for (F, 0, (G, r^) G we obtain 

|(F, 0, (G, v)} = m, 0) + {-m,0, (Go, 0) + (-t9(r/), r^)l = 
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From fl3.9l) and fl3.2ip we see that Vq is a Lie subalgebra of Vg which 
contains the ideal Ng- 

Summing up we accumulate the above facts in the following diagram 

Q ^ Ug ^ Vg ^ £g ^ 

t t t (3.22) 

^ A/'g ^ ^ £g ^ 0, 

where horizontal arrows form the exact sequences of Lie algebras and vertical 
arrows are Lie algebra monomorphisms. 

In order to describe Lie algebra Vq we define a linear monomorphism 
$ : f g -> by 

<f(0:=(-^(0,0- (3.23) 

It follows from fl3.2ip that $ is a monomorphism of Lie algebras. Due to 
( I3.12p one has the decomposition 

Vl = ii{NG)®^£%) (3.24) 

of Vg into the direct sum of Lie subalgebra $(^g) ideal li^Mg) of central 
elements of Vq. Hence we conclude that the lower exact sequence of Lie 
algebras in fl3.22p is trivial. 

Now let us define the following Lie subalgebra 

H% := D7r(£°), (3.25) 

of C°°{M,TM), where Dn : TP ^ TM is the tangent map of the bundle 
map TT : P ^ M. We also define C C^{P, DT{e){g)) x as the 
vector subspace consisting of elements (F, X) G Cq{P, DT{e){g))x'HQ which 
satisfy the condition 

X*^n = DF, (3.26) 

where X* is the horizontal lift of X with respect to From condition f l3.26p 
and identity (13. lip it follows that 

e := X* - F* G (3.27) 

where F* is a vertical field defined by the function F G Cq{P, DT{e){Q)) in 
the following way 

{F*f){p) = |/(pexp(tF'(p)))|,=o, (3.28) 
18 



where / G C°°(P) and function F' : P ^ g is sucli tliat DT{e){F'{p)) = 
F{p). Note tliat fl3.27p gives the decomposition of ^ = + on the hori- 
zontal C,^ = X* and vertical = —F* components. 

On the other side decomposing = .^^ + G on the horizontal and 
vertical parts we define 

{F,X) = {-^{C),D7r{e))eT'a- (3-29) 
Summing up the above facts we formulate the following 

Proposition 3.3 The relations l[3.21\j and liS. 29\) define a Lie algebras iso- 
morphism between {Sq, [■, ■]) and {J-'q, ■^), where the Lie bracket of{F, X), {G, Y) G 
J-'q is defined by 

X), (G, Y)}} := {-2niX*, F*) + [F, G], [X, Y]). (3.30) 
One has the following exact sequence of Lie algebras 

O^Afc^J^'G^n'o^O, (3.31) 
where Li{F) := (F, 0) andpr2{F,X) := X. 

The integration of the horizontal part C,^ = X* of ^ E Sq gives the flow 
{r/*}fgiK being the horizontal lift of the flow 

a : (M, +) — > Diff(M) (3.32) 

defined by the projection of {Tt}teR on the base M of the principal bundle 
P. The vector field X G T-Lq is the velocity vector field of {at}tm- 

Since {Tt}tm and {r/^jfgM are the liftings of {<Jt}tm there exists a G- valued 
cocycle on P, namely a map c : R x P — )■ G such that 

c{t + s,p) = c{t,Tl!{p))c{s,p) = c{s,p)c{t,Ts{p)), (3.33) 

c{t,pg) = g-'c{t,p)g, (3.34) 
which intertwines both fiows 

rt{p) = r,''{p)c{t,p). (3.35) 

Applying the representation T : G Aut(V) (see fl2.27p ) to (13.331) and 
subsequently differentiating (13.331) with respect to the parameter t at t = 
we obtain differential equation 

j-T{c{s,p))=T{c{s,p))jT{c{t,n{p))\t=o (3.36) 
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with initial condition T(c(0,p)) = 1. 

In order to solve fl3.36p note that from definition fl2.4Up one has 

i^Mp)) = Kip,p)-' hm^^^[Kip,T^tip) - Kip,p)] = (3.37) 

= K{p,pr' lim^[K{p,T^,{p)c{At,p)) - K{p,p)] = 
= K{p, p)-' lim i- [K{p, r^i(p)c(At, p))-K{p, pc{At, p))+K{p, pc{At, p))-K{p, p)] 

At^O At 

= K{p,p)-' hm^^^[K{p,T^,{p)c{At,p)) - K{p,pc{At,p))] + 
+ K{p,p)-' hm^^^[K{p,pc{At,p)) - K{p,p)] = 

= M^\P)) + Kip,pr'Kip,p) hm^^^[TiciAt,p)) - 1] = ^r(c(t,p))|,=o. 
By virtue of 

= [e, e]Li9 + ^^(A^) = 0, (3.38) 

we obtain 

±T{c{t,TM)\t=o = mirsip)) = mip)- (3.39) 
Now, solving equation 

j-T{c{s,p)) = Ticis,p))mip) (3.40) 

with T(c(0,p)) = 1 we get 

T{c{t,p)) = expitmip)) = expi-tF{p)). (3.41) 

Taking (13.411) into account and making use of the fact that {(Jt}t€R is defined 
by X G T-Lq we conclude from (I3.35P that {Tt}teR is determined in a unique 
wayby (F,X)G J-o. 

In the case when G = U{1), dimV = 1 and the curvature f2 is a non- 
singular 2-form equation (I3.26P reduces to the Hamilton equation with F e 
Cq{P) = C°°{M) as a Hamiltonian (total energy function). So, it is natural 
to consider (I3.26P as a generalization of the Hamilton equations to the case of 
general gauge group G. If is non-singular one can consider the vector field 
Xp G Hq defined by F G PTiI^q) as the Hamiltonian field. By definition 
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the space pri(J'O) consists of F G C^(P, L'T(e)(s)) such that (F,X) e T^. 
Note that pniJ^^) £ C^{P, DT{e){Q)) in general case. However, if G = f/(l) 
one has equahty pn{J%) = C^{P) = C^{M). 

Now we generahze the Kostant-Souriau prequantization procedure to the 
general gauge group case. To this end let us consider the space Cq'{P, V) of 
\^-valued functions f : P ^ V equivariant with respect to the gauge group 
G 

fiP9) = T{g~')f{p), (3.42) 

where p & P and g & G. 

The flow {xijigK C Aut(P, {}) defines a one-parameter group : Gq{P, V) — )■ 
Gq{P, V) of automorphisms of the vector space Gq{P, V) 

{j:j){p):=f{T_,{p)). (3.43) 

Defining the flow 

n[ip.v)]:=[{n{p),v)] (3.44) 

on the vector bundle tt : V — t- M one obtains the one-parameter group 
: C°°(M,V) C°°(M,V) acting on the sections ^ G C°°(M,V) in the 
following way 

(Et^)(7r(p)) := n^ia.t o 7r(p)) = ri^(7r(r_i(p))) = n^(7r(r!^,(p))). (3.45) 
The isomorphism 7^ : C^(P, V") ^ (:7°°(M, V) defined by 

{nf){7r{p)):=[{p,f{p))] (3.46) 
intertwines the flows (13.431) and fl3.45p 

7^ o St = Si o 7^ (3.47) 

and moreover 

7^ o J = /, (3.48) 

where / : ?^^C~(M, V) is defined in fl239|) . 

If ^ is the velocity vector field of the flow {Tt}tm, then one can consider 
— £g as the generating operator for {'Et}t£R- On the other hand the generator 
Q{F,x) of the flow {Si}f£R has the form 

Q(F,x):=-(Vx + P), (3.49) 
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where {F, X) G J^q. The operator Vx is the covariant derivative with respect 
to vector field X G C°°{M,TM) and the second ingredient F of the right- 
hand-side of fl3.49p is an endomorphism of C°^(M, V) defined by the function 
F G pri (J-'q) in the following way 

F{[{p,v)]):=[{p,F{p)v)]. (3.50) 

From fl3.47p we find that 

TZo C^ = (Vx + F) oTZ. (3.51) 
Since = we see from fl3.50p that the linear monomorphism 

Q : End(C°°(M, V)) (3.52) 

satisfies the prequantization property 

[Q{F,X),Q{G,Y)] = Ql{F,X),{G,Y)}^ (3.53) 

where the bracket [-, ■] on the left-hand-side of (13.530 is the commutator of 
the 1-st order differential operators and the Lie bracket -^^ ■ J is defined in 
(I3.30p . In the non-degenerate case, i.e. when {F,X) is defined by F (see 
fl3.26p ) the property fl3.53p reduces to 

[Qf,Qg]=Q{f,g}, (3.54) 

where Qf '■= Q(F,Xp) and the bracket {F, G} is defined by 

{F, G} := -2fi(X;, Y*) + [F, G]. (3.55) 

In the case G = U{1) the operator fl3.49p is the Kostant-Souriau prequan- 
tization operator. So, one can consider the construction presented above as 
a natural generalization of the Kostant-Souriau prequantization procedure. 

4 Quantization 

It is well known that in order to quantize a function F G {P, "i^) — 

C°°(M, M) (a classical physical quantity) in the Kostant-Souriau geometric 
quantization one needs to choose a proper polarization V C T'^M on the 
symplectic manifold {M,Q). Further, using V one realizes Hilbert space H 
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by sections of the vector bundle tt : V — )■ M in such a way that differen- 
tial operator Qp, defined in (I3.49P, pre serves l-L and admits a self-adjoint 
extension in it, (for details see e.g. Sni] ) . 



In the method of quantization which will be discussed here we avoid the 
notion of polarization. For the construction of the Hilbert space l-L we will 
instead use the ;B(y)-valued positive definite kernel discussed in Section 2. 
In fact Hilbert space JC = Ti was defined in Section 2 as one of the triple of 
equivalent objects used for the description of B(y)-vaA\ied positive definite 
kernels. 

In Section 3 we described the flows {Tt}teR C Aut(P, ^9) of automor- 
phisms of the principal bundle n : P ^ M with the fixed DT(e)(0)-valued 
connection form see fl2.40l) . Here we restrict ourselves to those flows 
{TtjigK C Aut(P, i^') C Aut(P, which preserve B(y)-Yalued positive defi- 
nite kernel K, i.e. such ones that 

Kin{p),niq)) = K{p,q), (4.1) 

for any p,q E P and t G M. 

The following statement is valid 

Theorem 4.1 The flow {Tt}t(zK C Aut{P) satisfies invariance condition 
^■1^ if and only if there exists a unitary flow Ut : Ti Ti such that 

A{Tt{p)) = Utm. (4.2) 

where .ft : P — )■ BiV^ H) is the map satisfying the condition Ii2.3\) of the 
definition (ii) and is related to the kernel K{p,q) by li2.1(J\) . 

Proof: 

Provided the map .ft : P — )■ B(y, Ti) has property 04.21) we obtain (14.11) 
from the equality fl2.10p . 

Let us take f,g E /Co, where elements of the vector subspace /Co are 
defined in (12. lip . We define the flow {Ut}tm on /Co by 

I 

iUtfm := /(r-*(p)) = Y,K{T.t{p).Pi)Vi. (4.3) 

i=l 

The invariance condition (14. ip and (12. lip implies the equality 

{UtfVtg) = {f\g) (4.4) 
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for the scalar product (-I-) defined in fl2.12p . So, we can consider {Ut}teR 
us a unitary flow on tfie Hilbert space Ti := /Co- Let Ep : Ti ^ V he the 
evaluation functional at p e P. Let us define the map ^ : P — )■ B(y, Ti) by 
^(p) := E*. Then for any v & V and / G /Co one has 

{Si{r,{p))v\f) = (P;(,)'^|/) = = {v,Y,K{n{p),p,)v,) = (4.5) 

(4.6) 



i=l 



= {v.EpU^J) = {i^ip)v\U^tf) = (UtSiipW)- 
Thus we obtain (14. 2p . 

The above theorem implies 
Proposition 4.1 For any flow {rt}teR C Aut{P,K) one has 



□ 




(4.7) 



i.e. Ut o ^ = ^ o Tf for t G M, where ^ is the coherent state map defined 
in l{2.35\) and the flow : V — )■ V zs given in ^Xj^. Moreover, if K is a 
smooth positive definite kernel, then T-Lq := span{^iY)} C Ti is an essential 
domain of the generator F of the flow Ut =: e 



iFt 



Proof 

The equivariance property (14. 7p follows from the definition (I2.35P and the 
property (14. 2p . 

From (14. 2 p we have 



JFt 



(4.8) 



Since the coherent state map A is smooth (see Proposition 12. II) and {Tt}teR is 
a smooth flow we find that the right-hand-side of (14. 8 p is different iable with 
respect to t. Then by Stone theorem ^([(p, t>)]) G 'P(P), i.e. C 'D{F). 
Moreover, the vector subspace Hq is invariant with respect to the action 
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of e*'^*. Thus, since T-Lo is dense in T-L, it turns to be (see |R-S] . Volume 1, 
Theorem VIII. 11) an essential domain of F, i.e. 

F\Ho = F, (4.9) 
where the bar in (14. 9 p denotes the closure of the symmetric operator -Fi^g. 

□ 

Note that within the representation of Hilbert space % by the V^-valued 
functions on P, see (12.51) . one has 

Ut = o St o J. (4.10) 

Thus for generating operator F we obtain 

F = tJ-^ o C^o J. (4.11) 

Taking realization of H by sections of the bundle tt : V — )■ M, see (12.391) and 
([339]), one has 

Ut = r^o^toI (4.12) 

and ^ 

F = ir^o{Vx + F)oL (4.13) 

Let us recall in this context that J('Ho) = ^o- Note, also that the above 
two representations of {Ut}tm are intertwined by the operator 71 defined in 

Since Tio is an essential domain of F we have the commutation relation 

valid on the elements of I-Lq. Now, let us define the vector subspace^Wi : = 
T-Lq + F{'Hq) C T-L. From fl4.14p we obtain, in particular, that e*^*Wi C 
Ui. Due to (14. lip one obtains that for a smooth vector field ^ and smooth 
coherent state map the left-hand-side of Fe*-^*.ft([(p, v)]) = e*^*F.^([(p, v)]) 
is differentiable with respect to t. Then by Stone theorem FM.{[{p,v)]) G 
V{F) and I([(p,w)]) e V{P). Thus we have Wi C V{F) and no C V{F^). 
In such a way, step by step, we prove that Ui C V(F), where Ui is defined by 

Ur.= Ui.i + F{Ui-,), Uo:=Ho, (4.15) 

for / = 1,2,.... By Uoo we denote the vector space spanned by all Ui, I E 
N U {0}. Summing up the above considerations we formulate the following 
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Proposition 4.2 One has the filtration 

UqCUiC ...CUooCV{F) (4.16) 

of the domain T>(F) of the operator F onto its essential domains. This 
filtration is preserved 

C Ui, (4.17) 

by the flow {e'^^^}teR- Moreover 

m C (4.18) 

and 

Woe C ViP), (4.19) 

fori eNU{0}. 

Next proposition sliows liow to reconstract tlie classical Hamiltonian F 
from the quantum Hamiltonian F. 

Proposition 4.3 The generating function F : P — ^ DT{e){Q) is obtained 
as the coherent states mean values function of F , i. e. 

F{p) = i{ji{pyii{p))-^ir{p)FK{p). (4.20) 

Proof. 

Using Ut = e**-^, from fICTD . and (|MD we have 

siipymp) = -zj^[K*{pnm]\t=o = -^^*{p)J^^{Tt{p)h=o = (4.21) 
= -zsi*{p)mip) = -t^*{p)mmip) (4.22) 

= -i^*{p)ii{p)^{F*){p) = ~tK*{p)K{p)F{p) (4.23) 

□ 
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5 The coordinate description and examples 

In this section we will investigate the quantization procedure which was pro- 
posed in Section 4 in terms of a concrete trivialization of the principal bundle 
TT : P — ^ M. Because of its importance for physical application we will dis- 
cuss the holomorphic case in details. Finally we will present two examples, 
where in the second example we obtain a holomorphic (anti-holomorphic) 
realization for any self-adjoint operator with simple spectrum. 

Now, for the further investigation of the quantum flow generator F given 
in (I4.13P we will describe its representation in a trivialization 

Sa'.^a^P, n O Sa= idn^ (5.1) 

of TT : P — )• M, where IJ«gyi fi^ = M is a covering of M by the open subsets. 
We note that on 7T~^{Qa) one has 

n{p) = T{h-') (^d^^im) + ^[t9„(m),t?,(m)]^ T{h), (5.2) 

BF{p) = T{h-') (dF^im) + [Mm), F„(m)]) T{h), (5.3) 
for p = Sa{iTL)h, where 

■= s*^^ and Fa:= F o s^- (5.4) 

The positive definite kernel K : P x P ^ ^{V) in the trivialization (15. ip 
is described by 

M.a{ni) := Sa{rn), (5.5) 
K-ai3{m,n) := Kl{m)Rp{n), (5.6) 
for m e fio, and n ^ Q^. Using (15. 4 p from f l2.40p we obtain 

^a{m) = {MmTMm))'^ i^a{m)*dMm)- (5.7) 

Let us take the flow {Tt}tm C Aut(P, K) and define local cocycle ] — e,e[xQa 9 
(t, m) H-> ga{t,m) G G by 

Tt{sa{m)) = Sa{(Tt{m))ga(t,m). (5.8) 

For p = Sa{'m)h we have 

^inip)) = M^t{m))T{g^{t,m))T{h). (5.9) 
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From f l5.9p and fl4.2p one gets 

iF^Q(m)t> = (X^Q,)(m)t> + ^Q,(m)0cj('^)'y, (5.10) 
where v E V and 

<Paim) := —T{gait,m))it=o. (5.11) 

Proposition 5.1 // we assume that ^ = X* — F* E Sq is the velocity vector 
field for {Tt}teR, then the map (pa '■ ^ ^(Y) ^■^ given by 



Fa + M^) (5.12) 



Proof. 

From f l335|) . flSlS]) and 



r/'(sa(m)) = Sa((Tt(m))Ka(t, m) (5.13) 

we find that 

Ti[(sa(m),t;)] = [{sa{crt{m)),T{gait,my^)v] (5.14) 

and 

?t[('5Q("^)5^)] = [{sa{crt{rn)),T{{Ka(t,m)c{t,Sa{m))y^)v]. (5.15) 
Comparing fl5.14p and fl5.15p one obtains 

T{ga{t, m)) = T{Ka{t, m)c(t, Sa{m))). (5.16) 
Differentiating (15.160 at t = and taking into account 

^{sa{m)h) = T{h'^)^a{m)T{h) + T{h-^)dT{h), (5.17) 
where h E G, gives (15.120 . 

□ 

Using ([52D and we find that ^ = X* - F* E i.e, C^^ = 0, if and 
only if 

Cx^a = X^dda + d{da{X)) = d(j)a + [^a, 0a]. (5.18) 
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The selfadjointess of F implies the following relation 

i^;3(n)*(Xj^„)(m) + (Xi^^)(n)*j?^(m)+i^;3(n)*j?^(m)0„(m)+0;3(n)*j?;3(n)*i?„(m) =0 

(5.19) 

between the kernel map '■ ^ I3(y, %) and (F, X) G J^q. 
The transition cocycle gap : fl — )■ G defined by 

sp{m) = Sa{m)gap{m), (5.20) 

for m e fia n leads to the corresponding gauge transformation of the 
formulae fl5.10p which is given by 

^p{m) = ^a{ni)T{gap{m)) (5.21) 

and 

(t)p{m) = T{gpa{'m))(t)a{'m)T{gap{m)) + ^T{gpa{<yt{m))\t=oT{gap{'m)). 

(5.22) 

For the sake of completeness of our exposition in a fixed gauge let us find 
the expression for the action of Kostant-Souriau operator Q{f,x) = iIoFoI~^ 
on the part of its essential domain spanned by sections of the form /(V^), 
where ■?/' = ^i3{n)v for n G VLp, v G V. 

In the SQ,-gauge section G C°°(M, V) and Qi^p^x)Hi') ^^re given by 

J(V^)(m) = [{saim),^*^{m)^p{n)v)] (5.23) 

and by 

iQ^F,x)imim) = iI{F^){m) = \{sa{m),i^l{m)F^p{n)v)] (5.24) 

respectively, m G ^q,. Hence, using the relation fl5.19p we obtain the coordi- 
nate expression on Q{f,x) in terms of the kernel Kapijn^n): 

Q{F,x)iKa(3{-,n)){Tn)v = -{XKap{-,n)){m)v - (t)c,{mYKap{m,n)v. (5.25) 

Recall here that the operator- valued maps (pa '■ — ^ ^iY) are related 
to the generating function F by fl5.12p . 

From the view point of physical applications, see e.g. |H-Ot lO-Sj IH-O-T] . 
one of the most interesting cases appears when vr : P — M is a complex 
analytic principal GL{N, C)-bundle. Consequently we will assume that the 
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coherent state map ^ : P — B{V, "H) is a complex analytic map which 
satisfies the condition (1^:^ for T = id &nd g e GL{N,C) = GL{VX)- 
Taking a complex analytic trivialization : fla — ^ P we find that = 
: Qa — ^'S(V, H) is holomorphic map and so does the transition map 
/i„/3 : n^nn/^^GLiN, C), where sj^°'(m) = sf\m)Kp{m) . Thus the kernel 

^a°f) = (•^J^°0*-^j3°' : X nf}^GL{N,C) is a map anti-holomorphic in the 
first argument and holomorphic in the second one. Using Kf^°^^ we define 
another trivialization 

s,(m) := s^fim)K^°Jim,m)-'^ (5.26) 
with a transition cocycle 

g^^im) := ir^°'(m, m)U„^(m)ir^;'(m, m)-^ (5.27) 

It follows from il^°^(m) = j^;^°'(m)/i„/3(m) that c/«^ : U fi^ ^ f/(iV) C 
GL{N,C). So, we can reduce the holomorphic coherent state map ^ : 
P — ^B(y, %) to the principal ?7(A^)-bundle vr : P" — which is a subbundle 
of vr : P — defined by the trivialization f l5.26p . Therefore, we can apply 
the method of quantization investigated in this section to the holomorphic 
case. 

In this connection we note that holomorphic fiow {Tt}teR C Aut{P) pre- 

■^hol 
'■a/3 



serves the kernel K^°^ defined by K^g^ if and only if 



K^';}iat{m),atin)) = K{t,myKl°j{m,n)hp{t,n), (5.28) 

where the holomorphic cocycle ha{t^m) is defined by 

Tt{s^f{m)) = sl°\at{m))K{t,m) (5.29) 

The cocycles gait^ ^) and ha(t, m) corresponding to the sections Sa '■ — ^P 
and : Via — ^ -P, respectively, are related by 

(7,(t,m) = ir^°'(at(m),ort(m))U„(t,m)ir^°'(m,m)-5, (5.30) 

where ga(t,m) is defined in (15. 8p . 
Note here that 

Si^im) = J^f^°'(m)ir^°'(m,m)-i (5.31) 
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Using f l5.30p we find that 

(5.32) 

where 0^°' : GL{N, C) defined by 

0'°'M:=^/i„(t,m)|i=o (5.33) 

is a holomorphic map. 
One also has 

F„(m) = K^°J{m,m)-2F^''\m)K^"^{m,m)-'^ (5.34) 
where = F o s„ and = F o and 

(5.35) 

From f l5.3ip and f l5.32p we obtain the holomorphic representation 

iF^l°\m)v = (X(^'°)j?^°^)(m)t; + (5-36) 

of the generating operator F. Vector field X^^'^^ appearing in f l5.36p is (1, 0)- 
component of the vector field X = X^^'^'' +X*^°'^'' tangent to the fiow {Tt}tm- 
Note that X(°'i) = and vectors il^°'(m)f G "H, such that m G 

V & V and a & A, span an essential domain of F. 

Using fl5.36p we obtain anti-holomorphic representation of Kostant-Souriau 
operator 

(Q(P,x)i^S'(-'^))M^ = -{X^'''^K'^''fl{;n)){m)v - <p'j'\myK^^{m,n)v. 

(5.37) 

Hence we see, that in the holomorphic case the essential domain of Q{f,x) 
consists of those anti-holomorphic sections of tt : V — M which are locally 
spanned by K^°^{-,n)v. 

Finally we present two simple examples illustrating our method of quan- 
tization. 
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Example 1 We consider the trivial principal GL(2, C)-bundle P = M x 
GL{2, C) where M = D x © is the product of two unit discs © C C. Let 

z = (^ll^: = {zC) elements of D x D. We introduce the positive 
definite kernel K^"'' : P x P — s- i3(C^) which in the standard trivialization 
s{z) := {z, (q°)) has the form 

:^ (1+1^ (5,38) 

and the holomorphic flow at : D x D — ^H) x D, t G M, defined by 

Zi\ ( e^^zi 



[I) ■■= ( :-Z ) • (5-39) 
Kernel ( I5.38P satisfies the relationship 



K^UM^),Mw)) = h^m^U^,w)h{t), (5.40) 

where h{t) = e-°)' ^ ^ Thus the flow Tt : P — ^P defined by 
rt{s{z)) = s{at{z))h{t) preserves the positive definite kernel 

K^°\{-z,g^),{w,h)) ■.= g+K^%{z,w)h, (5.41) 

where {z, g), {w, /i) G (© x D) x GL{2, C). 
The vector field 

f d d d d \ 

tangent to the one-parameter group (15.391) and function F : DxDx f/ (2) — ^Mat2x2i'C) 
defined by 

F{z,g) = g-^K'"'^iz,zy^F'"'\z)K'"'\z,z)-'^g, (5.43) 
where F^°\m) is given by 

F^°\m) = (5.44) 

'i(4-3|2lp-2|^2p+2|zi|4+|2ip|22|2-|2i|4|^3|2) izi(l-|2l|2)(2-4|22p + |^2|-*) 



(1-|22P)(4-!21 


2-2|22P) 




ifl|2i|2(l- 


-2P) 




(l-|2l|2)(4-|2i 


2-2I22P) 



(l-|22P)(4-|2iP-2|22P) 
!|^iP+8|22p-2|22|^-4[2ip| 

(l-|22P)(4-|2iP-2|22P) 
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satisfy equation (13.26 p . Applying the formulae (I5.37P in this case we obtain 
Kostant-Souriau operator 

^1 Ml + ^2 a- V2[Zi,Z2)J 

where ip G 'P(<5(f,x)) is given by 

and constant c, fifc, Wik, V2k, ^ C satisfy the condition 

K 

c = '^vik + wikV2k- (5.47) 
fc=i 

The unitary flow generated by Q{f,x) is the quantization of the flow (I5.39p . 



Example 2 Let F be a self-adjoint operator with simple spectrum acting in 
Hilbert space 7/. Fix standard Hilbert space isomorphism U : — ^L^(R, da), 
where measure da is determined by spectral measure dE of F and a certain 
choice of normalized cyclic vector |0) G for F: 

da{uj) := {0\dE{uj)\0), (5.48) 

G 7^. The homogeneous polynomials {w^jJ^Q form a subset linearly dense 
in L'^{M.,da). After Gram-Schmidt orthonormalization procedure they give 
an orthonormal polynomial basis {Pn}'^^=o, degPn = n, in L'^{M.,da). Acting 
by Pn{F) on |0) one obtains the orthonormal basis 

\n) :=P„(F)|0) (5.49) 

in Hilbert space Ti. 

We now assume the condition 

limsup -^-^ < +00 (5.50) 

n oo ^ 

on the absolute moments 

l/iU := / loj^daico) = -^(0| 1^1" |0) (5.51) 
Jr 
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of the operator F. It follows from fl5.50p that there exists the maximal open 
strip E C C in complex plane C, which is invariant under the translations 

at{z):=z + t (5.52) 

t G M and such that the characteristic functions 

X{s) = [ e-''^'da{u), (5.53) 



s G M, of the measure da possesses holomorphic extension xt, to S, see 
|H-U-Tj . 

Hence, one can define on the principal ?7(l)-bundle P := S x f/(l) the 
positive definite kernel: 



K[{z,g),{v,h)] ■.= gK^{z,v)h (5.54) 

where 

Kj:{z,v) := Xj:{z - v) (5.55) 
and {z,g), {v,h) G S x f/(l). The map i^s : S^-H = B{C,'H) defined by 

CXI 

Mr) ■.= J2xn{z)\n) (5.56) 

n=0 

where 

Xniz) := [ e-''^P^{u)da{uj), (5.57) 



for 2; G E, gives factorization 

Kj,{z,v) = MzY^v) (5.58) 
of the kernel fl5.55p . From f l5.56p and fl5.57p it follows that 

e-''''Mz) = Mz + t). (5.59) 

Thus we find that coherent states ^t.{z)-, -2 G S, span an essential domain 
V{F) of F and 

FMz)=i^^Mz). (5.60) 



34 



According to fl5.2p the curvature form Qy. of the connection form defined 
by the kernel (15.561) is given by 

fis = idd{\og oKy) {z, z) = iilog oxt)"{z — z)dz A dz. (5.61) 

For the vector field X = ^ + ^ tangent to the translation flow (I5.52p one 
has 

Xl^s = dF (5.62) 

where 

F= (logoxE)'(^-^). (5.63) 
We summarize the above facts in the proposition 

Proposition 5.2 Operator F can be obtained by quantization of the classical 
Hamiltonian F, given in (15.631) . which generates Hamiltonian flow (15.521) on 
symplectic manifold (T,,Qp). 

Representing F in the Hilbert space /("H) spanned by the anti-holomorphic 
function Ks{-,v), G S, we find for F its Kostant-Souriau operator 

Qp = loFoI-^ = i-^. (5.64) 

dz 

In conclusion let us note that our procedure of quantization, applied to the 
case considered in this example, leads to realization (I5.64p of the operator F 
in function Hilbert space /("H) which is an alternative to its spectral repre- 
sentation in L^(M, da). 
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